The anomalous currents of two-flavor chiral nuclear matter in the presence of chiral imbalance are computed, using recently developed methods exploiting generalized transgression, which facilitates the evaluation of both the equilibrium partition function and the covariant currents. The constitutive relations for both the broken and unbroken phase of the theory are studied and the out-of-equilibrium nondissipative transport coefficients determined. In the superfluid phase, the vector covariant currents exhibit nondissipative chiral electric, magnetic, and vortical effects, the latter governed by chiral imbalance.
Introduction
Quantum chiral anomalies are associated with very robust mathematical properties of gauge fields beyond perturbation theory [1] [2] [3] [4] [5] [6] . A practical consequence of this is that the anomalous contribution to the quantum effective action can be obtained from very general considerations using differential geometry. Although nonlocal in (Euclidean) dimension D = 2n − 2, the effective action can be written as a local functional in D + 1 = 2n − 1 dimensions, using the Chern-Simons form associated with the appropriate anomaly polynomial. For systems exhibiting spontaneous symmetry breaking, the mathematical structure of the anomaly determines the Wess-Zumino-Witten (WZW) effective Lagrangian describing the low-energy interaction of Goldstone bosons with gauge fields.
This state of affairs turns out to be specially useful in the study of anomalous hydrodynamic transport [7, 8] , where fluids are coupled to classical external sources through anomalous currents. These novel class of transport phenomena include the chiral magnetic [9, 10] and electric [11] effects, as well as the chiral vortical effect [12] (see also [13, 14] for dedicated reviews). They are of physical relevance in various physical setups, including heavy ion collisions [15] [16] [17] [18] as well as astrophysics and cosmology [19] [20] [21] [22] [23] .
The equilibrium partition functions at finite temperature for these systems can be computed from the anomalous effective action functional by implementing dimensional reduction on the Euclidean time cycle [24] . The anomaly is then carried by the local part of the partition function while the covariant currents, giving the response of the system to the physical sources, can be obtained from its nonlocal piece. Transport coefficients are then read off the expressions of these currents. The application of these techniques to the study of anomalous hydrodynamics has been developed in a number of works [24] [25] [26] [27] [28] [29] [30] [31] .
In a previous paper [32] , we used differential geometry to obtain explicit operative expressions allowing the computation of the equilibrium partition function of fluids in the presence of gauge anomalies, as well as the construction of the various gauge currents. Although applicable to generic theories, the strategy presented there turned out to be particularly powerful for systems with spontaneous symmetry breaking, where the covariant anomalous currents can be obtained without going through the study of the WZW effective action [33, 34] , which generically has a rather cumbersome expression. In fact, these currents can be readily computed by an appropriate transformation of the Bardeen-Zumino (BZ) terms of the unbroken theory using the Goldstone boson matrix. This method has been recently implemented in the study of multi-Weyl semimetals [35] .
In this work we show how the results of Ref. [32] are applied to the analysis of chiral nuclear matter (super)fluids in the presence of chiral, isospin, and baryon number imbalance. More specifically, we study a two-flavor hadronic fluid with unbroken chiral symmetry, as well as its superfluid phase when this symmetry is spontaneously broken. In the latter case, the equilibrium partition function is computed from the WZW functional by implementing dimensional reduction. The standard computation of the consistent currents would proceed by taking functional derivatives of this complicated action with respect to classical external sources. The corresponding covariant (vector and axial-vector) currents would then be obtained by adding the appropriate BZ terms. Instead of doing this, here we compute the covariant currents directly from the BZ polynomials using the explicit formulae found in [32] , which notably simplifies the calculation.
By expressing the currents in terms of the different Lorentz tensor structures built from the Goldstone bosons, together with the magnetic field and the vorticity, we identify the different transport phenomena present in the theory and compute the corresponding out-ofequilibrium transport coefficients. Our results show the existence of the chiral electric effect first found in [11] and confirm its nondissipative nature. In addition to this, we also find that all dependence of the electromagnetic, baryonic and isospin currents on the vorticity comes weighted by the chemical potential µ 5 and therefore disappears in the absence of chiral imbalance µ 5 → 0. Despite being erased from the currents, vorticity dependent terms survive in the equilibrium number densities in this limit. Explicit expressions of the out-of-equilibrium transport coefficients in the unbroken phase of the theory are also provided.
The article is organized as follows. In Section 2 we briefly review the main results of Ref. [32] which will be later used in the analysis of hadronic (super)fluids. After this, we study in Section 3 a two-flavor hadronic fluid without chiral symmetry breaking and compute its equilibrium partition function, as well as the relevant currents and the energymomentum tensor to leading and first order in the derivative expansion. Section 4 will be devoted to the study of this system in the phase in which chiral symmetry is spontaneously broken, computing the corresponding pion partition function up to first order in derivatives. In Section 5, the covariant currents and constitutive relations of this hadron superfluid will be computed, and the emergence of various chiral effects discussed. Finally, we summarize our conclusions in Section 6.
2 Equilibrium partition functions from differential geometry For the reader's convenience and to make our presentation self-contained, in this section we briefly summarize the formalism and main results of Ref. [32] . Key expressions will be given in components for their use later on in the paper.
We study a theory of chiral fermions coupled to external gauge fields focusing for the time being on the simplest case of a single gauge potential one-form and its field strength two-form, both taking values on the algebra of the gauge group G
The main ingredient in the construction of the anomalous effective action in D = 2n − 2 dimensions, and thus of the equilibrium partition function, is the anomaly polynomial, a 2n-form built in terms of F. If the external gauge field A is coupled to a right-handed fermion, this is given by
where ch F is the Chern character (see [36] for definitions and conventions) and its subscript indicates that we only retain the form of degree 2n. The global normalization is dictated by the Atiyah-Singer index theorem relating the anomaly with the topological properties of the gauge bundle. The anomalous part of the effective action Γ[A] CS can be constructed then in terms of the Chern-Simons form ω 0 2n−1 (A, F), defined by
In the case of a left-handed fermion, the corresponding expression for the effective action carries an additional global minus sign. For theories with various chiral fermions, the result is obtained by adding the contributions of the different species weighted by the corresponding signs (+ for right-and − for left-handed fermions).
To compute the equilibrium partition function, we define the theory on a generic static background [37] whose metric, upon choosing appropriate coordinates, can be brought to the form
Written like this, the metric has manifest timelike Killing vector given by ∂ t . We also take all other tensor fields in the theory to have vanishing Lie derivative with respect to this Killing field, which in the coordinates chosen simply means that they are time-independent.
The form of the line element (2.4) is preserved by Kaluza-Klein (KK) transformations, defined by position-dependent shifts generated by the vector field ζ(x) = φ(x)∂ t together with an appropriate redefinition of the metric function a i (x), namely
(2.5)
The diffeomorphism generated by ζ(x) induces the following change on the components of gauge field one-forms defined on this spacetime
Associated with this metric, we can introduce the properly normalized four-velocity of comoving observers in the static metric (2.4)
This defines a congruence of timelike geodesics foliating the spacetime by spatial hypersurfaces normal to u µ , whose induced metric is given by
8)
with h 00 = h 0i = 0. Tensor fields in this geometry can be decomposed into KK-invariant combinations by splitting them into longitudinal and transverse components with respect to the vector u µ . To do this, we introduce the projector 9) and contract indices with the identity written in the form δ µ ν = −u µ u ν + P µ ν . In the case of a gauge field, the result is
Scalar quantities are, by definition, invariant under KK transformations and so is the combination appearing in the first term
For the transverse components, using the explicit form of the projector, we find 
From here we retrieve the decomposition used in [32] 
where we have defined the one-form θ ≡ −e −σ u µ dx µ . Together with dx i , it makes up a KK-invariant cotangent basis 1 . The relations (2.13) can be inverted to write
Similar decompositions can be written also for a vector field W µ ∂ µ in terms of KK-invariant components (W 0 , W i ), by expanding it in the KK-invariant tangent basis
The notation used in this paper is a slight modification of the one introduced in Ref. [32] . We reserve calligraphic script A, F,... to denote the KK-variant components. Roman script A, F, . . . indicates the corresponding KK-invariant fields. From Eq. (2.6), we notice that the time component of the gauge field A 0 is KK invariant, so we have A 0 = A 0 . However, unlike in Ref. [32] , here we only use Hermitian components for the diverse adjoint fields, as can be seen from the presence of the −i factor in Eq. (2.1).
To construct the equilibrium partition function at temperature T 0 ≡ β −1 , we use the imaginary time formalism setting in (2.3) a manifold M 2n−1 with topology S 1 × D 2n−2 , where the second factor is a (2n − 2)-dimensional ball and the thermal cycle S 1 has length β. Since all fields are time-independent, the integration over dx 0 is trivially implemented by replacing
(2.18)
Using this prescription, one finds that the equilibrium partition function has the following structure
where the first piece is gauge invariant and the anomaly is carried by the second term. This decomposition was found in [24] , while in [32] we provided closed expressions for both terms using generalized transgression [38] . The first, gauge invariant piece can be written as the following integral over the bulk manifold D 2n−2
where we have introduced the KK gauge field one-form a ≡ a i dx i . Being a higherdimensional integral, this term is nonlocal in physical space. The anomalous part of the partition function, on the other hand, takes the form
where S 2n−3 ≡ ∂D 2n−2 is the physical space. This contribution to the effective action not only carries the anomaly, but is actually local. It should be stressed at this point that, despite its gauge invariance, the nonlocal piece in (2.19) is crucial for the computation of the covariant currents and the anomalous contribution to the energy-momentum tensor. Indeed, covariant and consistent currents are then derived from the variation of the invariant and anomalous pieces of the partition function under
Tr − iB 0 J 0,cons + BJ cons .
(2.22)
In fact, the local character of the anomalous part of the effective action in (2.19) can be derived on more general grounds. To fix ideas, let us consider the simplest case of a left-and a right-handed fermion coupled to external U(1) vector V µ = (V 0 , V) and axialvector A µ = (A 0 , A) external gauge fields in flat four-dimensional spacetime. The nonlocal anomalous effective action for these fields can be written as [39] 
is the field strength associated with the Abelian vector gauge field. In the static case where all fields are time-independent, we can implement dimensional reduction and the effective action simplifies to
where we have identified the electric and magnetic fields associated to the vector gauge connection, E = −∇V 0 and B = ∇ × V. Taking into account that ∇ · B = 0 and integrating by parts twice, we find
which is indeed a local functional in three dimensions. This expression is invariant under vector gauge transformations (notice that V 0 does not change when the gauge parameter is time-independent), whereas its variation under axial-vector gauge transformations A → A + ∇η reproduces the axial anomaly
In Ref. [32] a general prescription was given allowing the construction of the equilibrium partition function of generic theories, as well their consistent and covariant currents. Concerning the energy-momentum tensor, the Chern-Simons effective action (2.3) is a topological invariant and therefore independent of the metric defined on the manifold M 2n−1 . Naively, it would seem then that the anomaly does not induce any terms in the energymomentum tensor. However, this is not so. As a result of the dimensional reduction (2.18) based on the KK-invariant decomposition (2.14), the partition function acquires an explicit dependence on the metric function a i (x), which brings about a nonzero anomalous contribution to the T i 0 component of the energy-momentum tensor.
The Bardeen anomaly. From now on we focus our analysis on the case of the Bardeen anomaly in D = 4 (n = 3), where the corresponding equilibrium partition function depends on non-Abelian vector V = −iV µ dx µ and axial-vector A = −iA µ dx µ external gauge fields. The appropriate Chern-Simons form preserving the invariance under vector gauge transformations takes the form (see [32] for details)
where the field strengths are given in components by [32] ). The expectation values of the two-forms dual to the spatial vector and axial-vector covariant currents can be obtained by functional differentiation from the invariant nonlocal part of the partition function according to [24, 32] 
where the star represents the Hodge dual on the spatial S 3 . An explicit expression of these currents has been given in Ref. [32] . Writing
and expressing the KK-invariant vector and axial-vector gauge forms in terms of their components
we arrive at the expressions
where, for later use, we have assumed that chiral fermions coupling to the external fields come in N c different colors. To keep the notation homogeneous, we used V 0 = V 0 and A 0 = A 0 . In addition to this, the covariant time components are zero for both the vector and axial-vector covariant currents [24, 32] J a0V cov = J a0A cov = 0.
(2.33)
Raising the index using the static metric (2.4), we find
where the right-hand side of these expressions can be read off from Eq. (2.32) and spatial indices are raised and lowered using the three-dimensional transverse metric g ij . The flavor components of the current are defined by
with t a the gauge group generators. Identities (2.34) can be written in a Lorentz-covariant way by stating that the covariant current is transverse to the four-velocity, namely
As for the anomaly-induced component of the energy-momentum tensor, its dual twoform can be also obtained by taking functional derivatives of the invariant part of the effective action [32] T
Taking the Hodge dual and writing the equation in components, we find the explicit expression
Goldstone bosons. The differential geometry approach to the computation of covariant currents is specially useful when applied to systems with spontaneous symmetry breaking. In this case, the dynamics of Goldstone bosons is largely determined by the anomaly through the following prescription for the WZW effective action [1] Γ
where A U = U −1 AU + U −1 dU is the gauge connection transformed by U . The corresponding equilibrium partition function is computed implementing the dimensional reduction to give [32] W
Here, the gauge invariant nonlocal piece of the partition function in Eq. (2.19) cancels between the two terms in the first line. Thus, the partition function for Goldstone bosons can be computed using the prescription (2.21). Again, we focus our analysis to the case of the Bardeen anomaly, where chiral fermions couple to vector and axial-vector external gauge fields. If the gauge group G × G breaks down to its vector subroup, G × G → G, the resulting WZW partition function has the structure
where the transformed dimensionally-reduced gauge fields are given by
together with
One of the main results of Ref. [32] is that the covariant current for systems with spontaneous symmetry breaking can be computed without resorting to the WZW effective action, which usually contains a large number of terms. Instead, they can be obtained from the (Hodge dual) BZ current J (A) BZ of the unbroken theory. For the Bardeen anomaly, the vector and axial-vector parts of the covariant currents can be obtained from the identity
where ω 0 2n−1 (V, A) is the Chern-Simons form preserving vector gauge transformations, while the operator is defined by its action over the gauge field and field strength forms [38] 
In four-dimensions, the relevant Chern-Simons form ω 0 5 (V, A) is given in Eq. (2.27). After a short calculation, one arrives at the following expressions for the BZ currents in terms of KK-variant vector and axial-vector gauge fields and their fields strengths
where t a are the generators of the gauge group G.
Once the BZ currents are known, the right-and left-handed components of the (dual) covariant current in the spontaneously broken symmetry phase is given by the simple relation [32] 
where the A R and A L gauge fields are defined in terms of V µ and A µ respectively by
while the corresponding components of the BZ left-and right-handed one-form currents are
The expressions for J R cov and J L cov have been computed in [32] using (2.46 ). Here we write them in flavor components
where the notation
has been used. Once these left-and right-handed currents have been evaluated, the vector and axial-vector covariant dual currents are obtained by
3 Two-flavor QCD fluid with unbroken chiral symmetry
We apply the formalism reviewed above first to the computation of the covariant currents and the energy-momentum tensor of a QCD fluid with two flavors on the static geometry (2.4). We work in the chiral limit, where the global symmetry group is U(2) L ×U(2) R .
Since the gauge group is non-Abelian, the maximal number of chemical potentials that can be consistently introduced equals the dimension of the Cartan subalgebra [40, 41] . In our case, the U(2) factors are generated by
with σ i the Pauli matrices. Accordingly, we take background fields lying on the combination of the generators t 0 and t 3 and define the KK-invariant background
2)
A i (x) = 0.
Furthermore, we take a nonzero constant value for A 00 , which is related to the axial chemical potential µ 5 controlling chiral imbalance by 2
The other two chemical potentials µ 0 and µ 3 are associated with the time-components of the vector gauge fields according to
and respectively control baryon number and isospin imbalance. By choosing A 00 to be constant, we are focusing on corrections to the covariant currents and energy-momentum tensor that contain a single derivative of the vector background fields. In addition, as in [42, 43] , we have not included terms in A 0 proportional to t 3 , which would contribute to the axial-vector current. Using Eq. (2.15), the gauge fields can be written in a formally Lorentz covariant form in terms of the chemical potentials and the four-velocity. For A 0µ , since the spatial components are zero, the gauge field itself is proportional to the four-velocity vector
The associated field strength can then be written as
where we identify two terms respectively related to the vorticity tensor and the spacetime variations of the chemical potential µ 5 governing chiral imbalance. For the vector gauge fields V aµ , we find (a = 0, 3)
whose field strength tensor, besides the vorticity and chemical potential gradient contributions pointed out in the axial-vector field, has an extra piece 
Partition function and gauge currents
At leading (zeroth) order in the derivative expansion, the partition function can be written in terms of the pressure P 0 , which depends on the temperature and the chemical potentials µ 0 and µ 3 defined in Eq. (3.4), namely
The first order correction to this result is given by the anomalous equilibrium partition function computed in [32] in the language of differential forms. For a general background, the same expression written in components gives
Here ijk represents the Levi-Civita pseudotensor, normalized according to 123 = 1/ √ g.
The last term in the anomalous effective action mixes the axial-vector gauge field with the KK vector field and is responsible for the corrections to the chiral vortical effect quadratic in the temperature. Various analyses show [25, 44, 45] that the coefficient C 2 is related to the value of the mixed gauge-gravitational anomaly and is not computable using the differential geometry methods used here. We stress that the functional given in Eq. (3.10) only contains KK-invariant gauge fields, while its explicit dependence on the metric function a i comes through the Abelian field strength 
where we have followed the notation introduced in Eq. (2.30). In these expressions and in the following, the four-dimensional Levi-Civita pseudotensor is normalized such that 3 The second quantity to be considered is the anomalous contribution to the energymomentum tensor, codified in the vector q µ defined by
This can be evaluated from Eq. (2.38) and takes the form
These Abelianized expressions match the general structure for the anomalous currents derived in Ref. [46] . It should be pointed out that the vectors in Eqs. (3.12) and (3.15 ) are transverse to u µ , as it follows from the general structure of the covariant currents found in Eq. (2.34). As we will see in Sec. 5.3, this property is broken in the presence of Goldstone bosons, where the covariant currents develop a longitudinal component.
Inspecting the different terms in the currents and energy-momentum tensor given in Eqs. (3.12) and (3.15) , we find that the coupling to the external gauge fields comes through the magnetic components of the non-Abelian vector field strength (a = 0, 3)
In this work, we depart from the conventions of Ref. [36] , where the Levi-Civita tensor is defined with
where the second line is obtained by applying the decomposition (2.15) to the definition of the magnetic field. The explicit dependence on the four-velocity u µ , on the other hand, is codified in terms of the vorticity vector
Having identified these transverse structures, we write the constitutive relations in covariant form
so the corresponding out-of-equilibrium anomalous transport coefficients associated with the chiral magnetic, the chiral vortical, and the chiral separation effects can be read from Eqs. (3.12) and (3.15) , to give
Baryon, isospin, and electromagnetic currents
We define now the vector baryonic and isospin currents as those associated with the generators t 0 and t 3 , which properly normalized read
where Ψ is a flavor doublet of Dirac spinors made out of the two light quark flavors
with each spinor being decomposed into its two chiralities according to
Electromagnetism, on the other hand, is identified with the U(1) V subgroup generated by the charge matrix Q defined by the Gell-Mann-Nishijima formula
where charges are expressed in units of the elementary charge e. In terms of Q, the electromagnetic current is now given by
where we have introduced the explicit dependence on e.
Since the electromagnetic field is the only propagating gauge field in the theory, it is convenient to take Q as one of the elements of the basis of the Cartan subalgebra of the vector factors SU(2) V ×U(1) V , instead of the U(1) B generator t 0 . Then, the vector background field V µ can be written as
(3.25)
We thus identify the electromagnetic potential as the gauge field coupling to Q, while the component along the generator of the Cartan subalgebra of SU(2) V is set to zero, since it is just an auxiliary field which does not contain propagating degrees of freedom at low energies
This in turn implies the following relation between the isospin and baryonic chemical potentials J µ iso cons = J µ 3V cons . The same pattern is followed by the BZ terms of each current and, as a consequence, the same relations are satisfied by the corresponding covariant currents. Given these expressions, it is clear that the currents defined in Eqs. (3.20) and (3.24) satisfy the Gell-Mann-Nishijima relation also at the quantum level
We can use now the constitutive relations (3.18) and transport coefficients (3.19) to find the constitutive relations for the covariant electromagnetic current
To recast the term inside the bracket in terms of the physical electromagnetic field, we recall Eq. (3.26), from where the following expression of the KK-variant components of the electromagnetic potential V µ follows
where the KK-variant electric and magnetic fields are defined in the usual way from the corresponding field strength
With this, the constitutive equation for the electromagnetic current in Eq. (3.30) reads
which also gives the transport coefficient associated with the chiral magnetic effect. On the other hand, the vanishing of the coefficient ξ a V implies the absence of a chiral vortical effect in the vector currents of the unbroken theory.
Alternatively, we can express the current in terms of the KK-invariant magnetic field defined from the electromagnetic potential V µ
to read
Thus, once expressed in terms of the physical fields, a contribution to the chiral vortical conductivity emerges, together with the one associated with the chiral magnetic effect. This is similar to the results found in [47] for an Abelian U(1) V ×U(1) A theory. The cancellation leading to our result ξ a V = 0 in (3.19) is a direct consequence of having considered the flavor group U(2)×U(2) and, to our knowledge, has not been noticed before in the literature. In a sense, this means that when expressed in terms of the KKinvariant fields the chiral vortical effect in Eq. (3.35) is geometrically determined, since its value is encoded in the relation between KK-variant and KK-invariant gauge fields components (2.13) . This state of affairs contrasts with the U(1)×U(1) case, studied in [47, 48] , where such cancellation does not take place.
axial symmetry U(1) A is already broken by nonperturbative effects and therefore not realized as an invariance of the theory. As a consequence, we focus on the spontaneous breaking of the surviving subgroups SU(2) L ×SU(2) R ×U(1) V down to its vector-like factors SU(2) V ×U(1) V . In the process, three Goldstone bosons (the three pions) appear, corresponding to the broken generators of SU(2) A . No Goldstone boson is associated with the U(1) A factor since, as mentioned, this symmetry is absent from the start.
These Goldstone bosons are codified in the matrix U , which can be parametrized using the Pauli matrices σ a as
with π 0 , π ± the three pion fields and f π ≈ 92 MeV the pion decay constant. In order to secure the invariance of the effective action under the gauge transformations of the electromagnetic potential introduced in Eq. (3.26), we need the Goldstone field to transform according to
which give the correct assignment of charges to the three pions.
Having zero baryon number, pions do not couple to the gauge field associated with the baryon number factor U(1) B generated by t 0 , although they do couple to the gauge field along the isospin generator t 3 . The covariant derivative acting on the Goldstone boson field reads
where we see how V 0µ t 0 drops out of the commutator. With this in mind, the action at lowest order in derivatives can be written as
where P 0 is the pressure in the absence of Goldstone bosons, already introduced in Eq. (3.9). The second term L contains all dependence on the pions and has the following expression in terms of KK-invariant fields
where Φ i are defined by
Notice that in this expression Q can replace t 3 inside the commutator, whereas from Eq. (3.26) we know that V 3i = eV i . Similarly, since V 30 = eV 0 , we find that ξ 0 = −ieV 0 [Q, U ]. As a consequence, the leading order Lagrangian (4.5) governs the electromagnetic coupling of the two charged pions π ± . In the case of the neutral pion, the analogous coupling is mediated by the anomaly and only appears at the next order in the derivative expansion, as we will see below.
At first order in derivatives, the correction to the partition function is given by the corresponding WZW action in the background (3.2) . This quantity was computed in [32] and in components reads
Here we have introduced the notation
Notice that since U takes values on SU(2), the generator t 3 can be interchanged with the charge matrix Q inside the traces in Eq. (4.7).
We can now expand the equilibrium partition function (4.7) in powers of the pion fields. Keeping terms with just one derivative and up to two pion fields, the basics identities to be used are
Plugging these expansions into Eq. (4.7), we find the following partition function in terms of the pion and electromagnetic field
where the magnetic field is defined as usual by
In addition, we have used Eq. (3.3) to identify the chemical potential governing chiral imbalance, as well as the local temperature T (x) = T 0 e −σ(x) . While the first term gives the anomaly-mediated coupling of the neutral pion to the electromagnetic field, corrected by the effect of the curved background, the second one agrees with the form of the parity-odd couplings obtained from the WZW effective action in systems with chiral imbalance, as shown in [49, 50] .
To compare with existing results in the literature, it is convenient to go back to (4.7) and recast it in terms of the electromagnetic potential V µ as
where we have written
the chemical potential µ = e −σ V 0 being associated with electric charge imbalance. Our microscopic computation of the non-Abelian anomalous effective action leads to the following prediction for the couplings
where the corresponding operators are gauge invariant. The equilibrium partition function (4.11) is the analog to Eq. (2.26) of Ref. [51] , where the couplings (4.13) parametrize the action of a single Goldstone boson associated with a broken U(1) symmetry. Similar formulae have been obtained in Ref. [52] . Notice, however, that our expression is more general. In particular, it allows the computation of currents in sectors different from the electromagnetic one, as it will be shown later.
Constitutive relations of the two-flavor hadronic superfluid
The covariant currents computed above provide the first correction in the derivative expansion of the hydrodynamics constitutive relations for the currents and the energy-momentum tensor. On general grounds, physical quantities in hydrodynamics admit the decomposition in terms of their perfect fluid contributions and corrections containing higher terms in derivatives. For the case of a generic current and the energy-momentum tensor, we have [51] [52] [53] [54] 
where the subscripts PF indicate the perfect fluid contributions and ν µ and Π µν are written in terms of the tensor quantities characterizing the system, as well as their spacetime derivatives. The constitutive relations provide the dependence of the coefficients of each term on physical quantities such as the temperature and the chemical potentials. Nonperfect fluids terms in (5.1) induce corrections in these constitutive relations at first and higher-order in derivatives. The presence of these gradient-dependent corrections to the perfect fluid quantities leads to ambiguities, since different definitions of the same physical variable may vary by gradient-dependent terms (δT, δµ, δu µ , . . .) which vanish in the limit of ideal hydrodynamics. Since these ambiguities cannot change the form of the currents and the energymomentum tensor, the perfect fluid constitutive relations have to compensate these higher order terms by a shift in their perfect fluid values
In hydrodynamics, these kind of ambiguities are fixed by selecting a frame, which in our case is chosen by requiring that one-derivative corrections to perfect fluid quantities vanish. As a consequence, constributions at this order come only from the terms ν µ and Π µν in Eq. (5.1). For systems with spontaneous symmetry breaking, it was found [32] that the energy-momentum tensor receives no corrections
There are nevertheless nonvanishing corrections ν µ to the current, which admit the decomposition (2.16) in terms of its longitudinal and transverse components
As explained in Sec. 2, the combinations (ν 0 + a j ν j , ν i ) are KK-invariant.
The gauge currents at leading order
After these general considerations, we go back to the spontaneously broken two-flavor QCD model presented above, and begin with the analysis of the gauge currents at leading order in the derivative expansion. These and the energy-momentum tensor are computed by taking the corresponding functional derivatives on the effective action (4.4). For the gauge currents, this calculation leads to the expressions 4 J 00 PF ≡ − T 0 e σ √ g δW δV 00 = −n 0 e σ ,
where the number densities n 0 and n 3 are defined by
These densities satisfy the thermodynamic identity
where the entropy density is given by
In computing the currents (5.5) we have also replaced t 3 by Q inside the commutators. It is interesting to notice that, since the term L in (4.4) does not depend on V 0µ , it does not contribute to the baryonic current. Then, the relations (3.28) imply that the Goldstonedependent part of the consistent electromagnetic current is completely determined by the isospin one. On the other hand, the Goldstone-independent term P 0 would contribute to both the baryonic and isospin currents, since this function depends on both V 00 and V 30 . Finally, the components of the energy-momentum tensor are similarly computed to give
These expressions can be brought into a covariant form by writing them in terms of the static metric G µν defined in Eq. (2.4) and the four velocity u µ given in (2.7). For the currents, we find
whereas the expression for the energy-momentum tensor is
Covariant currents and Bardeen-Zumino terms at first order in derivatives
The anomaly-induced WZW partition function (4.7) provides the corrections at first order in derivatives to the leading order currents and energy-momentum tensor given in Eqs. (5.5) and (5.9) . It is at this order that we have to start distinguishing between consistent and covariant currents. The usual approach to compute them is to begin with the consistent current, which is obtained by taking functional derivatives of the WZW partition function (4.7). The covariant current is then found by adding the corresponding BZ terms.
Here we use a more efficient procedure developed in [32] and reviewed in Section 2. Instead of using the WZW action, we arrive at the covariant current directly from the BZ current using Eqs. (2.50) and (2.52). Covariant currents are important in the study of anomalous transport since it is through them that the system couples to physical external sources. They provide the constitutive relations which lead to the determination of the different transport coefficients. In the case at hand, we particularize Eq. (2.50) to the background defined in (3.2), keeping always in mind that A 00 = e σ µ 5 is a constant field. Then, we apply the relations (2.52) leading to the calculation of the vector and axial-vector components of the current. After some algebra, we arrive at
for the vector currents. In the case of the axial-vector currents, a similar calculation leads to the results
We will make use of these covariant expressions in later sections to identify the relevant tensor structures and compute the out-of-equilibrium transport coefficients. In order to find the consistent currents, we need to find the explicit form of the BZ terms (2.46) in the background (3.2) . For the vector BZ currents we have (a = 0, 3)
Using Eq. (3.5), it can be written as
where the magnetic field (3.16) has been identified. At this point, it is important to stress that since in the background (3.2) all fields lie on the Cartan subalgebra of the group the theory is Abelianized, so the term cubic in A µ in the general expression of the BZ current vanishes. We should remember, however, that this formally vanishing cubic term has to be kept when using the BZ current to compute the covariant currents applying (2.47) . The reason is that the term gives a nonvanishing contribution upon transforming the left gauge field, as it is required by our prescription. Our construction of the covariant currents presented above used the explicit expression (2.50), which already includes this contribution.
A similar analysis can be carried out for the axial-vector BZ current shown in (2.46) , which in the background of interest takes the form Subtracting the BZ terms computed in Eqs. (5.14) and (5.16 ) from the covariant currents (5.12) and (5.13) , we find that the consistent currents can be identified from the covariant ones just by dropping all terms independent of the Goldstone boson matrix U . The consistent currents can be alternatively computed taking functional derivatives from the WZW effective action [37] J a0V cons = − T 0 e σ √ g δW δV a0 ,
However, in computing the spatial components of the axial-vector currents, whose dual gauge field are set to zero in the background (3.2), we have to carry out the functional derivatives in the WZW action before actually setting these fields to zero, which notably complicates the calculation. The procedure used here avoids this, since it only makes use of the BZ currents, being much more economical from a computational point of view.
Corrections to the leading order constitutive relations
A look at the results for the vector and axial-vector covariant currents given in Eqs. (5.12) and (5.13) shows that all dependence on the Goldstone bosons matrix U comes in terms of the following covariant expressions
In terms of them, the one-derivative corrections to the currents in the static background (2.4) take the form
and
The currents can now be decomposed into their longitudinal and transverse components with respect to the four-velocity u µ . The results can be written as linear combinations of the following five pseudo-scalar quantities
(a = 0, 3),
together with the four transverse pseudo-vectors
Notice that the definitions in Eq. (5.23) involve either the magnetic field or the vorticity vector, defined in Eqs. (3.16) and (3.17) respectively. The one-derivative corrections to the gauge currents can now be written as
for the zero flavor components, while the three-component gives
In all these equations, we have used that fields are time-independent (and in particular A 00 = −µ 5 u 0 is constant), as well as the expression of the local temperature T (x) = T 0 e −σ(x) . In addition, we applied the identity
valid for any tensor T µαβ transverse in the α index, T µαβ = T µνβ P ν α . This equation can be applied when the last index in T µαβ is also transverse, T µαβ = T µνσ P ν α P σ β , in which case the second term on the right-hand side of (5.27) is equal to zero.
We see how the covariant vector currents can be written solely in terms of the pseudoscalar structures S 1,a , S 3 , and S 5 , as well as the pseudovectors P µ 1,a , P µ 2 , and P µ 4 . The remaining structures, which will appear in the vector-axial currents, have zero transport coefficients associated. The contribution of the BZ terms to Eqs. (5.25) and (5.26) can be easily identified as those terms proportional to the magnetic field B µ a without gothic fonts prefactors [cf. (5.15) ]. Of course, these terms can only appear in the transverse components of the covariant current, the BZ terms being themselves transverse. Notice as well that the expressions of the covariant currents are given only in terms of the KK-variant gauge fields V aµ and A 0µ , without any explicit reference to the KK gauge field a i .
Introducing the electric fields for a = 0, 3
we can write the first pseudovector in (5.24) as
and identify the terms proportional to P µ 1,0 and P µ 1,3 in the constitutive relations as the ones associated to the chiral electric effect [11] . In particular, we can construct the transverse covariant electromagnetic current as
Using (3.31) and (4.9), this can be written in terms of the electric E µ , magnetic B µ and pions fields as
Interestingly, the term proportional to π + π − B µ cancels out from this expression.
The emergence of the chiral electric effect, i.e. charge transport normal to the direction of the electric field, is manifest from the first term on Eq. (5.31), with a transport coefficient that can be identified from this equation. Despite the ongoing discussion in the literature concerning its nondissipative character (see, for example, Ref. [52] ), our derivation of this term clearly shows that the chiral electric effect is intrinsically nondissipative, i.e. it does not lead to the production of entropy. Similar terms are present in the baryon and isospin currents.
To compare our results with other analysis in the literature, we use the identities (4.9) to write the spatial components of this current in terms of the pion fields and the electric and magnetic fields associated with the electromagnetic potential V µ as
where we have introduced the components of the physical electric field 
with respect to the electromagnetic vector potential V i . Similar expressions can be written for the baryon and isospin currents. In the first case, we find
while for the isospin current the result is
All three currents are easily seen to be invariant under the gauge transformations of electromagnetism δ ε V i = ∂ i ε, δ ε π ± = ±ieεπ ± . A relevant feature to notice in all three currents shown in Eqs. (5.32), (5.34), and (5.35) is that the terms proportional to the vorticity vector ω i come always multiplied by the chiral chemical potential µ 5 . This means that in the absence of chiral imbalance (µ 5 = 0) there are no contributions to the electromagnetic, isospin, and baryonic currents depending of the vorticity.
Despite of this fact, the partition function (5.33) shows the existence of a direct coupling of the vorticity vector to the pion gradient which is not weighted by µ 5 . Setting the electromagnetic field to zero for simplicity, this leads to the following form of the isospin number density
where we have written the result in terms of the trace of the charge matrix Q. This expression agrees with the results found in [55] for the baryon and isospin number densities of a hadronic fluid under rotation [56] , which shows the existence of a vorticity coupling with the pion gradient in the absence of chiral imbalance. It is nevertheless surprising that no such effect survives in the spatial currents themselves, as it is seen from our explicit results.
To close this section, we study the one-derivative corrections to the constitutive relations derived from the covariant axial-vector currents. Their longitudinal and transverse projections are now given by
As in the case of the vector currents, here we also find the occurrence of a nondissipative chiral electric effect associated with the terms P µ 3,a , whose corresponding susceptibilities are obtained from the previous equations. All dependence on the vorticity comes from the BZ term and, as in the case of the vector currents, disappears in the absence of chiral imbalance (µ 5 = 0).
Our calculation based on Eq. (2.47) shows clearly that in the limit of vanishing Goldstone fields, ζ a → 0 (U → 1), the covariant currents are given by the BZ terms. For the electromagnetic transverse current, we find from Eq. (5.32) lim π 0 ,π ± →0 P µ ν J ν em cov = 5µ 5 e 2 N c 36π 2 B µ ,
where the KK-variant magnetic field has been defined in Eq. (3.32). This results exactly reproduces the transverse covariant electromagnetic current of the unbroken theory, as given in Eq. (3.33) . This contrasts with the Abelian model studied in Ref. [57] , in which the BZ term gives 1 3 the result of the covariant current in the theory without spontaneous symmetry breaking.
Closing remarks
In this paper we have studied the partition function and anomalous currents of a two-flavor chiral hadronic (super)fluid using the expressions obtained in Ref. [32] in a general setup, particularized to the background of interest. In a first instance, we focused our attention onto the unbroken theory, computing the partition function from the anomalous functional realizing the Bardeen form of the anomaly. Explicit forms of the covariant currents were provided in terms of the external sources, from where the transport coefficients associated with the magnetic and chiral vortical effect are obtained. The anomalous correction to the energy-momentum tensor of the unbroken theory was also computed.
In the case of the unbroken theory, we have explicitly computed the six transport coefficients associated in the constitutive relations for the vector and axial-vector covariant gauge currents, as well as the anomaly-induced corrections to the energy-momentum tensor. When expressed in terms of KK-variant fields, we find no vorticity-dependent terms in the constitutive relations for the vector currents. This is the result of the specific structure of the U(2)×U(2) group considered. Once written in terms of KK-invariant quantities, a nonvanishing chiral vortical conductivity appears, whose value is determined by the geometry of the static background metric.
For the theory with chiral symmetry breaking, our computation of the covariant currents and the constitutive relations avoids the use of the WZW effective action. Instead, we got the corresponding currents from the BZ terms of the unbroken theory, properly transformed by the matrix of Goldstone bosons. Consistent currents were then easily evaluated by subtracting the contribution of the BZ polynomials. Our method greatly simplifies the calculation of consistent (and covariant) currents, since expressions evaluated on the particular background considered are used at every calculation step, instead of dealing with functional derivatives of the WZW action on a general background.
While the functional derivatives of the partition function lead to the consistent currents in equilibrium, out-of-equilibrium expressions of those currents are retrieved by considering their Lorentz covariant generalizations (see, e.g. [37] ). In our case, we proceeded by writing the covariant currents in a Lorentz covariant form, to retrieve the desired constitutive relations for the hydrodynamics of a relativistic fluid. We have used this method to find the constitutive relations in the chiral hadronic fluid, with and without spontaneous symmetry breaking. In the former case, they are expressed in terms of five pseudo-scalars and four pseudo-vectors quantities depending on the Goldstone fields, together with the magnetic field and the vorticity vector. From them, we identify the pion field contributions to the chiral magnetic and vortical effects. Our calculation also predicts the emergence of a chiral electric effect whose corresponding transport coefficient is explicitly evaluated. This effect contributes to all vector and axial-vector covariant and consistent currents.
Whereas in the unbroken theory the chiral magnetic effect is restricted to the axialvector currents, when expressed in terms of KK-variant fields, we have found how the presence of Goldstone bosons induces this effect also in vector currents. In all cases, its strength is controlled by the chemical potential governing chiral imbalance, and disappears in the limit µ 5 → 0. A vorticity dependent term survives nonetheless in the number densities, agreeing with similar contributions found in Ref. [55] using a different physical approach.
The strategy employed here to obtain the constitutive relations of a chiral (super)fluid can be extended to a wide class of theories with anomalous currents in both high energy and condensed matter physics. Gravitational and/or mixed gauge-gravitational anomalies [25] can also be incorporated into the description by considering the appropriate anomaly polynomials. Due to the presence of curvature terms, they would contribute at higher orders in the derivative expansion. Finding an economical and systematic way of computing the gravitational contributions to the constitutive relations is indeed of interest, given their recently discovered experimental signatures [58] . These and other issues will be addressed elsewhere.
